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Abstract. We study the site-diluted Ising model in two dimensions with Monte Carlo
simulations. Using finite-size scaling techniques we compute the critical exponents observing
deviations from the pure Ising ones. The differences can be explained as the effects of
logarithmic corrections, without requiring us to change the universality class.

Recently [1], it has been reported using Monte Carlo (MC) simulations, that the site-
diluted Ising model in two dimensions seems to present a second-order transition line with
concentration-dependent critical indices. Previously, other authors [2, 3] had claimed, using
analytical methods, an Ising critical behaviour corrected with logarithms.

The field theoretical predictions for this model (based on renormalization-group and
conformal-field theory) [4] assesses that disorder does not change ¢ther exponents
since it only changes subleading terms. However, the specific heat, at the critical point,
diverges as lodog L) in the disordered system, while it does as lo@ the pure casel
being the lattice size.

In this paper, we extend the methods developed in [5] for the four-dimensional site-
diluted Ising model to the two-dimensional case.

We observe that, although an apparent variation of the indices seems to happen when
varying the concentration, this can be explained as a transient effect. In fact, a pure Ising
value for the indices plus logarithmic corrections fits our MC data very well. When preparing
this paper, other authors have also reported similar conclusions in the bond-diluted Ising
model using different techniques [6].

The numerical methods as well as the analytical computations based on the perturbative
renormalization group are very similar in four and two dimensions, so we will report here
just the minimal details required, concentrating on the description of the results: see [5] for
further details of the method.

§ E-mail address: hector@lattice.fis.ucm.es
|| E-mail address: laf@lattice.fis.ucm.es

€ E-mail address: victor@lattice.fis.ucm.es
* E-mail address: sudupe@Iattice.fis.ucm.es

* E-mail address: giorgio.parisi@romal.infn.it
t E-mail address: ruiz@chimera.romal.infn.it

0305-4470/97/248379+05$19.5@C) 1997 IOP Publishing Ltd 8379



8380 H G Ballesteros et al

Our procedure is based on a finite-size scaling (FSS) analysis. We perform MC
simulations in the critical region for several values of the concentrgtionFor eachp
value, we generate hole configurations in a square lattice filling the sites randomly with
probability p.

For each hole configuration (sample), we perform a MC simulation of the Ising model
defined as the set of spins lying in the filled sites coupled through a nearest-neighbour
interaction. In the smallest concentration we use the cluster Swendsen—-Wang algorithm [7]
to update the signs of the spins. For the remaining concentrations, we found the Wolff single-
cluster version of this algorithm [8] to be more efficient. At each sample, we measure the
energy, the magnetization and the Fourier transform of the Ising field at minimal momenta
in about 100 independent spin configurations. We store the independent measures in order
to compute derivatives with respect to the coupling and to extrapolate the results to close
values of the coupling and the dilution. We have extrapolatefl in all cases bup ~ %
where ap extrapolation performs better.

To reduce statistical errors, we have generated 10000 hole samples fqi.eaohpair,

L being the lattice size. We have simulated at concentratipns:1, 8, 2, 2. Recall that the
percolation threshold is ai; >~ 0.59 [9]. The FSS method that we use [10] is based upon
the ratio of several observables: magnetization, susceptibility, correlation length, Binder
cumulants, and their derivatives for two different lattice sizgsand L,. At the parameter
values where the correlation lengths ratio matchgsl.; we expect that, in the absence of
logarithmic corrections

O(L2, B, p)
O(L1, B, p)
wherex, is the critical exponent for the observalile e.g.y for the susceptibilityp for the
correlation length, etcw is the universal corrections-to-scaling exponent. Bkderivatives
of the previous observables go with the corresponding exponents pludriall cases we
use pairs of lattices of sizds and 2.
In tables 1 and 2 we report the results for the exponengmd n respectively, using
the relation (1) for the8-derivative of the correlation length in the former case and the
susceptibility in the latter (after applying the scaling relatips 2 — y/v). Note that there
is some statistical anticorrelation between sucessive even (odd) rows. We recall the critical
exponents in theg — oo limit (pure site percolation)y = § andn = 5, conjectured by
Nienhuis [11] and in agreement with recent MC work [12].
Although thev exponent seems to be non-constant as a function of the concentration,
the values fom are very stable. This fact was also observed in the scaling of the Yang-Lee
zeros at the critical point [13].

= (La/L1)™"" + O(L{*) (1)

Table 1. The v exponent for(L, 2L) pairs at different dilutions.

L p=10 p=088889 p=075 p=006666

24 1.009(4)

32 1.009(5) 1.078(6) 1.142(9)  1.182(12)

48 0.995(4) 1.072(6) 1.114(9)  1.170(12)

64 1.001(4) 1.079(5) 1.112(9)  1.151(10)

96 1.010(5) 1.075(6) 1.111(9)  1.125(12)
128 0.993(4) 1.066(5) 1.098(8)  1.141(13)
192 1.065(6) 1.096(9)  1.140(13)

256  1.004(5)
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An interpretation of these results could be a continuous set of universality classes, as

Figure 1. v exponent as a function of/1og L for several values op.
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Table 2. The n exponent for(L, 2L) pairs at different dilutions.
L p=10 p=088889 p=075 p=0.6666
24 0.2465(7)
32 0.2466(8) 0.2495(9) 0.2504(10)  0.2454(18)
48  0.2495(8)  0.2487(7) 0.2498(11)  0.2448(14)
64 0.2499(8)  0.2490(8) 0.2469(8)  0.2455(15)
96 0.2498(8) 0.2501(8) 0.2460(9)  0.2456(14)
128 0.2497(8)  0.2495(8) 0.2469(9)  0.2461(13)
192 0.2485(8) 0.2483(7)  0.2483(14)
256 0.2517(7)
1 T T T ] T ¥ T T T T [ T 1
p=2/3 -
} p=3/4 -
p=8/9 -
s °* " T
: O P
| 1 1 1 ] i i i | I ] i [ | I_
0.1 0.2 0.3
1/1log L

Table 3. Critical parameters for several dilutions. We also show the computed corrections to
scaling exponend, the fit quality and the range of lattice sizes used (crossings figm L§

to Ly — LS).

Pe Be » x?/dof.  Ly—(L4-LY
1 0.440682(5) 15.2/12 24(32- 512
0.88889 0.53781(2) 1.0(3) 2.6/8 48(64 — 384
0.75 0.77125(8) 7.716 48(96 — 384)
0.66661(3) 1.10 9.6/8 32 (64— 384




8382 H G Ballesteros et al

85 — T T T [ T T T T ] H T T 1 | T N T i ¥ H | H T T T T H T ¥ T |_
C ] 25 - _]
80— p=1.0 =] - -
7.5 — —  eal— —
7.0— —] - :
n ] 2.3 —
6.5 — _‘ - . ]
- - - d.o.f.=0.43 -
- 1 .. X/
8.0 _—t L1 ] [ S B { [ | l L ~1: s
1.5 1.6 1.7 1.8 1.5
Fr T ] B —— [ L2 I ™7 0.108
0.49 — — i
0.48 — — 0.106—
0.47 — — C
- 4 0.104 —
0.46 — — -
» 2 4
n d.of.=0.17 . o
- X/ 4 0.102+—
0.45 - »
: i | i i l L i i 1 ] 1 1 1 1 ] 1 I: : L L 1 1 I 1 1 ] | [ 1 L i i | L
1.5 1.6 1.7 1.8 1.5

Figure 2. Specific heat as a function of the double logarithm of the lattice size. The lines
correspond to linear fits foE > 96. The three lines for each case show the smallness of the
effect of the error in the determination of the critical parameters.

assumed in [1]. However, a simpler scenario is a fixed value {that of the Ising Model)
plus logarithmic corrections.

Using the results from [2, 14] it is possible to show that the derivative of the correlation
length with 8 reads at the critical point as

v cigt (2 acwnt)
9 — 1 2
b5 o 1+ ClogL +2+2CIogL )

where C depends on the dilution. Computing theexponent from (1) and (2) we obtain
an apparent behaviour as

paPPAENt_ 1 4 A /logL + - - - . ®)

In figure 1 we plot the values of reported in table 2 as a function of bbg L. All our
MC data are compatible with a behaviour of type (3).

The critical parameters can be computed with great accuracy studying the crossing of
several quantities (second momentum correlation length divided by the lattice length, and
the Binder parameter for the magnetization) for the different lattice sizes. The deviation of
the crossing point for lattice sizds, sL scales as

w

1-5
ABE. ApE o

B —w—1/v
e L )
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We refer to [10] for details of the method. The results are reported in table 3. Note that for
the Ising model the method gives the correct value within errors for the critical temperature

(1 part in 18). Regarding thes exponent, whose conjectured valuedis= g [15] for

the pure system, to obtain more accurate results, simulations on smaller lattices should be
added, but this would increase the systematic errors in the determination of the critical
coupling.
We finally measure the specific heaf at the critical points. Excluding the Ising limit,
a linear function of loglog L), is predicted in [2]. To control the effects of the uncertainty
on the critical couplings in this kind of analysis, we have fitted our data at the critical
coupling and also one standard deviation apart. We conclude that this source of error is
negligible, given our accuracy in the critical pointg?(d.o.f. changes at most by 12%).
The results are quite compatible with the theoretical prediction, as displayed in figure 2.
We thus conclude that the site-diluted Ising model in two dimensions belongs to the
same universality class as the pure Ising model, although we find strong logarithmic effects.
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